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In 1900, Hilbert gave a lecture at the International
Congress of Mathematicians in Paris, for which he
prepared 23 problems that mathematicians should
solve during the twentieth century. It was found that
there was a note on a 24th problem focusing on the
problem of simplicity of proofs. One of the lines of
research that was generated from this problem was
the identification of proofs. In this article, we present
a possible method for exploring the identification of
proofs based on the membership problem original
from the theory of polynomial rings. To show this,
we start by giving a complete worked-out example
of a membership problem, that is the problem of
checking if a given polynomial belongs to an ideal
generated by finitely many polynomials. This problem
can be solved by considering Gröbner bases and
the corresponding reductions. Each reduction is a
simplification of the polynomial and it corresponds
to a rewriting step. In proving that a polynomial is a
member of an ideal, a rewriting process is used, and
many different such processes can be considered. To
better illustrate this, we consider a graph where each
rewriting step corresponds to an edge, and thus a path
corresponds to a rewriting process. In this paper, we
consider the identification of paths, within the context
of the membership problem, to propose a criterion of
identification of proofs.
This article is part of the theme issue ‘The notion of
‘simple proof’ - Hilbert’s 24th problem’.

1. Introduction
This article is about the identification of proofs, a line of
research that emerged from a note by Hilbert on his 24th
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problem. We quote the note from [1], and we keep the comments by R. Thiele:

.........................................................

From this note, it is clear that Hilbert’s 24th problem is about the simplicity of proofs.
Therefore, in this problem, one has to compare proofs and consequently it is important to know
when two proofs can be said to be the same. For instance, one may formalize a proof in two
different ways and if we are given two different formalizations, it is important to know whether
these formalizations correspond to the same proof. In fact, if they do correspond to the same proof
and we want some kind of criteria measuring the simplicity of proofs, that criteria must assign
the same simplicity for those two formalizations.
In this paper, we hope to give a possible reason for Hilbert mentioning syzygies in his 24th
problem. In order to do such, we consider the problem of identification of proofs in the context of
the membership problem of a polynomial f in an ideal. The main idea throughout this article is
the following: given a Gröbner basis, we consider the corresponding reductions and apply those
to f in all possible ways. With this information, we can draw a graph where a rewriting step
corresponds to an edge. We then can easily identify some paths with each other because they
essentially come from applying the rewriting rules in a different order. After these identifications,
how can we identify two paths that are not a simple reordering of the application of the rewriting
rules? To each path, there is a corresponding expression for f in terms of the Gröbner bases. So,
our aim is to identify those expressions of f , and we can do it modulo a certain module. In fact,
we do it modulo a syzygy module and we hope this explains why Hilbert mentioned syzygies in
his 24th problem.
In §2, we apply this reasoning to a polynomial f and an ideal I. In §2a, we introduce the context
of this membership problem. For instance, we introduce the concept of a rewriting rule, which
is well known from the theory of polynomial rings, and through a rewriting process, we are
able to solve this problem. The rewriting rules that we used in order to solve the membership
problem could have been used in a different way, giving rise to a different rewriting process. In
§2b, we consider all rewriting processes that solve our problem and translate this information
into a graph. In this graph, we have paths from the vertex corresponding to f to the vertex
corresponding to zero. We identify some paths and in §2c, we build an analogy between the paths
in the graph and proofs of the membership of f to I. For instance, each way of reducing f to zero
can be seen as a proof that f is a member of the ideal. Hence, a path from f to zero, that corresponds
to a way of reducing f to zero, can be seen as a proof of the membership of f to I. With this
reasoning, we build the analogy between paths and proofs. Therefore, we translate the problem
of identification of proofs into a problem of identification of paths. In this paper, we propose a
criterion of identification of proofs. We start by translating proofs into paths but this is not enough,
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‘The 24th problem in my Paris lecture was to be: Criteria of simplicity, or proof of
the greatest simplicity of certain proofs. Develop a theory of the method of proof in
mathematics in general. Under a given set of conditions there can be but one simplest
proof. Quite generally, if there are two proofs for a theorem, you must keep going until
you have derived each from the other, or until it becomes quite evident what variant
conditions (and aids) have been used in the two proofs. Given two routes, it is not right
to take either of these two or to look for a third; it is necessary to investigate the area lying
between the two routes. Attempts at judging the simplicity of a proof are in my examination
of syzygies and syzygies [Hilbert misspelled the word syzygies] between syzygies [see
Hilbert [2, lectures XXXII-XXXIX]]. The use or the knowledge of a syzygy simplifies in an
essential way a proof that a certain identity is true. Because any process of addition [is] an
application of the commutative law of addition etc. [and because] this always corresponds
to geometric theorems or logical conclusions, one can count these [processes], and, for
instance, in proving certain theorems of elementary geometry (the Pythagoras theorem,
[theorems] on remarkable points of triangles), one can very well decide which of the proofs
is the simplest. [Author’s note: Part of the last sentence is not only barely legible in Hilbert’s
notebook but also grammatically incorrect. Corrections and insertions that Hilbert made in
this entry show that he wrote down the problem in haste.]’

2

(a) Reduction of polynomials—an example
We are going to present an example of a membership problem and relate it to the identity of
proofs. We are considering polynomials in two variables with complex coefficients. That is, we
are working in C[x, y] and we want to know if a polynomial f , in our example, −xy4 + xy3 ,
is in the ideal I generated by the polynomials g1 = y4 and g2 = xy + y2 . The ideal generated
by the polynomials g1 and g2 is denoted by I = (g1 , g2 ) and it corresponds to the set of ’linear
combinations’ of g1 and g2 : that is, the polynomials of the form f1 g1 + f2 g2 , where f1 , f2 ∈ C[x, y].
So, the membership problem that we consider is the problem of determining whether polynomials
f1 , f2 ∈ C[x, y] exist in such a way that we can have the equality
f = f1 g1 + f2 g2 .
To make this problem easier to solve, one usually considers Gröbner bases. The concept of a
Gröbner bases only makes sense when we have an order among monomials. In this example,
we will consider the lexicographic order among monomials, here denoted >. In this order, given
two monomials xa1 ya2 and xb1 yb2 in C[x, y], with a1 , a2 , b1 , b2 non-negative integers, we say that
xa1 ya2 > xb1 yb2 if a1 > b1 or, in case a1 = b1 , we have a2 > b2 . To give examples in the context we are
working under, we have xy > y2 and x > y2 , even though x has degree 1 and y2 has degree 2.
Having fixed an ordering on monomials, we can check whether a set of polynomials ({g1 , g2 }
in our case) is a Gröbner basis (with respect to the fixed ordering). We will not define Gröbner
bases but, in a few paragraphs, we will mention a nice property they have that will be important
in this example. For more details on Gröbner bases, we refer the reader to [3] or [4]. In our running
example, the set {g1 , g2 }, is already a Gröbner basis. An important tool to obtain a Gröbner basis is
the so-called Buchberger’s Algorithm [4, Buchberger’s Algorithm 15.9]. This algorithm provides
us with a method to obtain, from a given set of polynomials, a set of polynomials which is a
Gröbner basis and which generates the same ideal as the original set of polynomials. It is worth
noting, that throughout this article, we assume commutative. Nevertheless, the Grobner bases
theory can also be adapted for non-commuting variables, being in that case known as Gröbner–
Shirshov bases (c.f. [5]).
We now informally introduce the concept of reduction, which is well known from the theory
of polynomial rings. Let us assume that we have h = f1 g1 + h , where h and f1 are polynomials

.........................................................

2. From reduction of polynomials to identification of proofs

3
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given that when we identify some paths with one another, we were not able to identify all those
paths. Hence, in §2d, considering the identified paths, we obtain two expressions for f in terms
of g1 and g2 , which are going to be elements of a Gröbner basis. Finally, in §2e we are able, by
‘subtracting’ a path from another path, to identify those expressions and consequently all paths.
Therefore, we identify all proofs. For a general case, it is not obvious which paths to consider in
the subtraction. Thus, in §2f instead of subtracting paths, we consider a resolution in the context
of our example. Considering resolutions has the advantage that we can generalize our reasoning
to any membership problem of a polynomial to an ideal. This is done in §2g. Also, we obtain a
criterion to identify proofs in the context of a membership problem: consider all coordinates (in a
Gröbner basis) of a polynomial f and note that they are the same modulo a syzygy module. Or,
more informally, translate proofs into paths, consider the corresponding expression of each path
and note that they are the same modulo a module that happens to be a syzygy module.
In the last section of this article, we ask if this kind of reasoning, translate proofs into paths
of a graph, can be formalized. In addition, we mention that it might be interesting to propose
a distance between proofs, using the established analogy, by taking into account the minimal
number of second syzygy modules that are needed to identify the corresponding paths. For
instance, if we needed three second syzygy modules to identify two proofs, the distance between
those proofs would be three. While if they only needed one second syzygy module, the distance
would be one and hence being the distance shorter it would mean that the proofs are more similar.

In our running example, we have the rewriting rules
(1) y4

−→

0

(2) xy

−→

−y2 .

To be able to track each application of a rewriting rule, we shall write the corresponding number
above the arrow. This will become more clear in the following reduction of f :
1

→ −x(0) + xy3 = xy3 = (xy)y2
f = −x(y4 ) + xy3 −
2

−
→ (−y2 )y2 = −y4
1

−
→ −0 = 0.
Since f reduces to 0, we conclude that f is in I.

(b) Identifying paths
Now, one may wonder if this is the only way of using these rewriting rules to prove that f is in I.
It is not
2

→ y5 + xy3 = y(y4 ) + xy3
f = −(xy)y3 + xy3 −
1

−
→ y(0) + xy3 = (xy)y2
2

−
→ −y4
1

−
→ 0.
Thus, we have found a different way of applying these rewriting rules to show that f is I. Let us
then apply the rewriting rules in all possible ways and, with that, we draw the graph in figure 1
that shows all possible paths from f to zero by applying these rewriting rules. There, an edge
corresponds to a rewriting step and a rewriting process corresponds to a path from f to zero.
Note that by a rewriting process we mean a certain application of the rewriting rules that shows,
in this context, that f is in I.

.........................................................

in(gi ) −→ in(gi ) − gi .

4
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in C[x, y] (in the univariate polynomial case we might get such a decomposition by applying the
usual Euclidean division algorithm) and we want to know whether h is in I. Given that g1 is in
I, it is enough to show that h is in I. Actually, h ∈ I if, and only if, h ∈ I. So, we might look at g1
as a ‘zero’ in the sense that it can be ignored when checking the membership in I. More formally,
we can write g1 −→ 0 to mean that g1 rewrites as zero. Hence, we would write h = f1 g1 + h −→ h
and say that h rewrites to h modulo g1 . We can repeat this process, that is, if we could isolate one
of the g1 or g2 in h we could apply these rewriting rules: g1 −→ 0 and g2 −→ 0. Something that is
clear is that if by applying these rewriting rules we obtain zero, then the polynomial h is indeed
in I. Not so clear, but a consequence of having a Gröbner bases, is that we can deduce that if we
reach a non-zero polynomial for which we cannot apply more reductions (modulo g1 or g2 ), then
h is not in I.
From the above reasoning, we can check whether the polynomial h is in I by checking if it
is possible to write h as a linear combination of the g1 and g2 . This is not an easy process, and
this is where Gröbner bases simplify the process. Let us give a bit more detail on the reduction
step, which can be simplified if we look at each reduction modulo gi (interpreted by the equation
gi = 0) as rewriting the greatest monomial in gi to the remaining monomials of gi . More precisely,
consider the greatest monomial (with respect to the order on monomials considered above) of
each gi and call this monomial the initial term of gi , denoted by in(gi ). Then a reduction modulo
gi corresponds to apply the rewriting rule

−xy4 + xy3

5
.........................................................
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2

1

1
–xy4 –y4

y5 + xy3

1

2

2

1

y5 – y4

xy3

2

1

1

y5

– y4

1

1

–xy4

xy3

1

2

2

– y4

1

1

0

Figure 1. This graph is drawn considering all possible ways of applying the rewriting rules to f . The vertices correspond to
polynomials obtained from f and the application of the rewriting rules. The edges are oriented and labelled by the number of
the rewriting rule that was applied. That is, each edge corresponds to a rewriting step. The dashed path is a duplication, and
later on we will explain why we duplicated a path.

Now, considering this graph, we see nine different paths from f to zero. Nevertheless, we
realize quite easily that some paths are essentially the same.
In fact, whenever we have a polynomial to which we can apply the rewriting rules in different
ways if there is no overlapping in monomials to which we apply the rules, the paths are going
2

2

→ y5 + xy3 −
→
to be essentially the same. An example of such ‘no overlapping’ is: f = −xy4 + xy3 −
2
= −xy4 + xy3 −
→ −xy4

2
− y4 −
→ y5

− y4 .
y5 − y4 and f
So, whenever there is no overlapping in the application of the rewriting rules, let us colour
the ‘area’ between those applications of the rewriting rule. An ‘area’ betweeen rewriting rules is
called a cell.
1
→ xy3 and f = −(xy)y3 +
An example where there is overlapping (in y) is: f = −x(y4 ) + xy3 −
2

→ y5 + xy3 . In this case, we do not colour the area between the application of these rewriting
xy3 −
rules. Applying this reasoning to the entire graph, we obtain figure 2. Huet already studied
overlap situations and gave some criteria to know when rewriting rules commute, see [6].
As we can see in the graph, there are some blank cells and following our reasoning means that
paths separated by those blank cells cannot be identified. Therefore, we end up having only two
different paths. To make this more clear, suppose we have two different paths and we are allowed
to drag edges of those paths as long as we do it on coloured cells. If we can drag one path to

−xy4 + xy3

6

1

1
–xy4 –y4

y5 + xy3

2

1

2

1

y5 – y4

xy3

2

1

2

1

y5

– y4

1

–xy4

1

xy3

1

2

1

– y4

1

0

Figure 2. Possible reductions of f , where no overlapping in different applications of rewriting rules corresponds to colouring
cells between them. Some cells are left blank because there is overlap in the application of different rewriting rules. (Online
version in colour.)

the other one following this rule, we have that those paths are, in some sense, the same, and we
identify those paths with one another. In figure 3, we show what we mean by dragging edges
within coloured cells (we omit some information from the graphs). If we kept dragging paths, as
shown in the figure, we would conclude that those two paths were the same. Now, as there are
two blank cells, we see that we cannot identify all paths. In fact, we conclude that if before we
had nine different paths, after these identifications we only have two paths.

(c) The analogy between paths and proofs
We now start to relate paths and proofs. Let us consider figure 1. There we had nine different
paths and these paths came from different applications of the rewriting rules, and these different
applications of the rewriting rules mean that we have different proofs of the statement f is in I.
Given that in figure 1 we have nine paths from f to zero, we can say that we have nine different
proofs. So a path in the graph of figure 1 corresponds to a proof. Hence, we are rephrasing our
problem on the identification of proofs into a problem on the identification of paths.
We noted that some paths could be identified with each other and with those identifications we
end up with two paths. Hence, we could say, as a path corresponds to a proof, that we have two
proofs up to this identification. It is the blank triangle that makes it impossible to identify all paths,
and hence all proofs. Note that it happens because there is overlapping in the application of the

.........................................................
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2

0

0

Figure 3. We are dragging two edges of a path in order to move it into another path without passing through blank cells. We
just show one step, if we kept moving edges we would have moved one path to the other. (Online version in colour.)

rewriting rules and one path is longer than the other. So, considering proof ordering, the proof
that corresponds to the longer path is larger than the other, see [7, Chapter 2]. Note, however,
that the general conflict case is not given by a triangle, as in our example, but is given by a
parallelogram.

(d) Paths as expressions
It might not be obvious, but when we apply a rewriting rule we are subtracting, from the
polynomial to which we apply that rewriting rule, a polynomial divisible by a gi , depending
1

→ xy3 we are subtracting
on which rule we apply. For instance, in the reduction f = −xy4 + xy3 −
−xg1 from f . Thus, since f is in I it means that to a path in the graph it corresponds to write f as a
linear combination of g1 and g2 .
More interesting is that when two paths are identifiable, they give rise to the same expression of
f in terms of the gi ’s, for i = 1, 2. This was expected since there is no overlapping in the application
of the rewriting rules for identifiable paths.
Thus, in our running example, we have two paths up to this identification and to these two
paths correspond expressions of f in terms of the Gröbner bases we have been considering. We
have
E1: f = (y − 1)g1 + (y2 − y3 )g2
E2: f = −(x + 1)g1 + y2 g2 .
(The first expression E1 corresponds to the paths on the left of the triangular blank cell and the
second expression E2 to the paths on the right of that cell).
Consider the path around the blank cell, as in figure 4. We get
0 = (x + y) g1 − y3 g2 .
In fact, if we consider the two paths mentioned before and we subtract the corresponding
expressions, we get exactly the same result.
Thus, we have that the pair (x + y, −y3 ) are coordinates of zero with respect to g1 and g2 . Now,
from E1 we have that (y − 1, y2 − y3 ) are coordinates of f , with respect to g1 and g2 , and from E2
we obtain (−(x + 1), y2 ). Thus, in terms of g1 and g2 , the coordinates of E1 and of E2 are the same
modulo (x + y, −y3 ). Hence, we say that E1 and E2 are the same modulo (x + y, −y3 ). Therefore,

7
.........................................................
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f

−xy4 + xy3

8

y5 + xy3

–xy4 –y4

2

1

xy3

2

1

–xy4

y5 – y4

2

1

1

y5

– y4

1

1

2

xy3

1

2

1

– y4

1

0

Figure 4. The path around the blank cell. (Online version in colour.)

as these expressions corresponded to some paths, we have that these paths are the same modulo
(x + y, −y3 ).
It is important to note that if we had considered the other blank cell we would obtain the same
result.

(e) Identifying proofs
We began by identifying paths which correspond to a reordering of the non-overlapping
rewriting rules. In the example, we got two expressions that corresponded to two paths,
and in the analogy established previously, these two paths correspond to two proofs. Thus,
we have that these two expressions correspond to two proofs. We then noticed that these
expressions gave different coordinates of f with respect to g1 and g2 , but these coordinates are
the same modulo (x + y, −y3 ). Now, the identification is not simply a reordering of the rewriting
rules.
As the coordinates were the same modulo (x + y, −y3 ), the same reasoning can be extended
to claim that we have a unique proof modulo (x + y, −y3 ) by some ‘known reasoning’. Now,
something interesting is that the module generated by (x + y, −y3 ) ends up being the second
syzygy module of a resolution of C[x, y]/I. And here, we may say that Hilbert had a good reason
to consider syzygies in this context.

.........................................................
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2

2

(f) Framed with resolutions

9

φ2

φ1

where the image of the homomorphism φi+1 is equal to the kernel of the homomorphism φi , i.e.,
Im φi+1 = ker φi , and we must also have coker φ1 := F0 /Im φ1 = M. If this happens, we say we
have a resolution of M and we define the ith syzygy module to be the image of φi . Moreover, if
there is an n such that Fi = {0} for all i > n and Fn = {0} we say that we have a finite resolution of
M of length n.
In the context of our example, let us find a resolution for C[x, y]/I. We start by defining F0 , F1
and φ1 . So, let F0 be C[x, y], F2 be C[x, y]⊕2 and φ1 is
φ1 : F1 = C[x, y]⊕2 −→ C[x, y] = F0
(1, 0) −→ y4 = g1
(0, 1) −→ xy + y2 = g2 .
We note that Im φ1 = I and that ker φ1 = (x + y, −y3 ) . It is clear that coker := F0 /Im φ1 = C[x, y]/I.
We now want to define F2 and φ2 such that Im φ2 = ker φ1 . We set F2 = C[x, y] and define
φ2 : F2 = C[x, y] −→ F1 = C[x, y]⊕2
1 −→ (x + y, −y3 ).
Clearly, Im φ2 = ker φ1 . Moreover, this homomorphism is injective, consequently, ker φ2 = {0}.
Therefore, we can set F3 = {0} and define φ3 : F3 = {0} −→ F2 = C[x, y] sending zero to zero. It is
clear that its image is equal to the kernel of φ2 and we have obtained a finite resolution of C[x, y]/I
of length 2.
Again, (y − 1, y2 − y3 ) and (−x − 1, y2 ) are coordinates of f , with respect to g1 and g2 , and they
represent the same element modulo ker φ1 = Im φ2 , the second syzygy module. With this, we can
say that there is a unique expression for f as a linear combination of g1 and g2 modulo the second
syzygy module.

(g) A general analysis
Let us just summarize the reasoning we have been following. We first said that a path
corresponded to a proof. But then we saw that some paths were essentially the same. So, we
identified those paths and obtain only two different paths. We then said that these two different
paths originated two different expressions for f as a linear combination of g1 and g2 . Thus,
we wanted to find a way of claiming that those expressions were the same so that we could
identify the proofs that gave rise to these two expressions. What we now did states that the two
expressions are the same modulo the second syzygy module of a resolution. Interestingly enough,

.........................................................

φn

· · · → Fn −→ Fn−1 → · · · −→ F1 −→ F0 ,
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In the previous subsections, we identified all possible ways of proving the membership of f in I
arguing that the coordinates, in terms of our Gröbner bases, of all the expressions (of the paths
in the graph) are the same modulo (x + y, −y3 ). We mentioned that the module that made this
possible was the second syzygy module of a certain resolution. In this subsection, we will briefly
explain these ideas and concepts. For more details, we refer the reader to [4, Section 1.10] and to
[8]. Indeed, if we consider the first paragraph of [8], let M be a module, over a commutative ring
R, generated by f1 , . . . , fn . A syzygy is an element {a1 , . . . , an } such that a1 f1 + · · · an fn = 0. Now,
the set of all syzygies is a submodule of Rn , called a syzygy module. In fact, it is easy to see that
this submodule is the kernel of the map that sends the standard bases element ei of Rn to fi . In
addition, one may repeat this process to obtain syzygy of syzygies. We now give a more formal
treatment of what is a syzygy module.
Let R be an abelian group and let M be an R-module. A resolution of M is an exact sequence of
R-modules:

φ1

Note that we must have n ≥ 1. Indeed, if n = 0, we would have F1 = {0} and Im φ1 = {0} Given this
is a resolution, we would have coker φ1 = K[x1 , . . . , xr ]/Im φ1 = K[x1 , . . . , xr ]/I. Thus, I = Im φ1 =
{0}. But I is not the zero ideal, as we are assuming that f is in I. Moreover, the membership problem
is already solved if I was the zero ideal.
Thus, as coker φ1 = K[x1 , . . . , xr ]/Im φ1 = K[x1 , . . . , xr ]/I and we are assuming that f is in I, we
have f in Imφ1 . Now, suppose that there are w, z ∈ F1 , with w = z such that φ1 (w) = φ1 (z) = f . In the
analogy we have been considering, we would say that there were two ‘proofs’ for the membership
of f in I, given there were two coordinates for f , namely w and z. Now, note that w and z are in
the same coset of ker φ1 , that is, there is a v ∈ F1 such that w, z ∈ v + ker φ1 . So, w and z are the
same modulo ker φ1 = Im φ2 , the second syzygy module. So, we have a ‘unique proof’ module
the second syzygy module.
We would like to note that we do not need a finite resolution. In fact, we only need, in this
context, a resolution of length n ≥ 1.

3. Conclusion and future work
In this article, we established an analogy between the reduction of polynomials and proofs. Since
the reductions can be seen as paths in a graph, we also have an analogy between paths in the
graph and proofs. Doing this, we translated the problem of identifying proofs into a problem of
identifying paths. We were able to easily identify (by reordering) some paths. To identify all of
them we needed to consider the second syzygy module of a certain module. This syzygy module
could be obtained from the graph as well. Thus, in this context, we can always identify all proofs
and therefore the problem of identifying proofs is done. We may think that Hilbert may have
thought something similar, at least informally, since he referred to ‘routes’ while we refer to ‘paths’
and we actually ‘investigate the area lying between the two routes’ (from [1]). In addition, we
considered syzygies as a tool to identify these proofs.
Now, one may wonder if we can formalize this idea: translate the problem of identification of
proofs into a problem of identification of paths. One idea could be to generalize this reasoning
to first-order logic. Thus, instead of considering polynomials we could consider formulae and
instead of rewriting rules we could consider the rules of inference. Many questions arise here, can
we draw a similar graph to the ones we have been drawing? If so, can we easily identify some
paths up to reordering? If not, can some paths be identified modulo some ‘well known’ reasoning
of first-order logic?

.........................................................

φn

0 → Fn −→ Fn−1 −→ · · · −→ F1 −→ F0 = K[x1 , . . . , xr ].
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we can find this second syzygy module from the graph, as we did before. Now, it is in this sense
that we say that there is a unique proof of the membership of f to I.
In addition, one may wonder if this is always the case in the context of a membership problem,
that is if we can always say that there is a unique proof modulo the second syzygy module of a
resolution. Let us try to work in a more general way.
Suppose we are working over the ring K[x1 , . . . , xr ], with K a field, and we have I a finitely
generated ideal of K[x1 , . . . , xr ] with Gröbner bases formed by g1 , . . . , gt . (It is important to note
that we can always obtain a Gröbner basis by Buchberger’s Algorithm.) Bearing in mind our
example, we want to know if the coordinates of f with respect to the g1 , . . . , gt are unique
modulo a second syzygy modulo of a resolution. Hence, let us consider K[x1 , . . . , xr ]/I, a
K[x1 , . . . , xr ]−module. This is a natural choice, giving that we are just doing the same we did
in our example. The next step is to consider a resolution and to obtain it we just need a sharpened
version of Hilbert’s Syzygy Theorem, see [4, Corollary 15.11], that states that every finitely
generated module over a polynomial ring in f variables has a finite resolution of length less or
equal than r. Note that Hilbert’s Syzygy Theorem states something similar for graded modules,
see [4, Theorem 1.13]. Thus, we obtain a finite resolution for K[x1 , . . . , xr ]/I of length n ≤ r:
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In another direction, it would be interesting to measure ‘how similar’ are two proofs, ignoring
the possible similar proofs up to reordering. Bearing in mind our example, we would only need
to consider the case of ‘proofs’ that cannot be dragged to one another without crossing blank cells.
We propose to measure the distance between two proofs (paths in the graph) to be the minimum
number of blank cells that are needed to cross to drag one path into the other. In our example, that
means that the distance between the two paths corresponding to expressions E1 and E2 would be
one.

